An N-body bosonic model with delta-contact interactions projected on the lowest Landau level is considered. For a given number of particles in a given angular momentum sector, any energy level can be obtained exactly by means of diagonalizing a finite matrix: they are roots of algebraic equations. A complete solution of the three-body problem is presented, some general properties of the N-body spectrum are pointed out, and a number of novel exact analytic eigenstates are obtained. The FQHE N-fermion model with Laplacian-delta interactions is also considered along the same lines of analysis. New exact eigenstates are proposed, along with the Slater determinant, whose eigenvalues are shown to be related to Catalan numbers.
Introduction
There has recently been considerable interest in Bose-Einstein condensates, following their experimental discovery in atomic vapors [1, 2, 3] . Particular attention has been devoted to fast-rotating condensates, since such systems were demonstrated experimentally to form vortices [4, 5] , like in superfluid 4 He; systems with ever bigger numbers of vortices where the eigenstates have a simple polynomial form and the corresponding eigenvalues are rational numbers. In the next section it is shown, by direct counting, that those simple eigenvalues exhaust the whole spectrum of the three-body problem, which is thus completely solved. Section 5 deals with the N-body problem. Given the nature of the wave functions involved, it is convenient to consider states with a given value of L and varying N. At L = 2, 3, all the N-body eigenstates fall into the category of the simple states of Sec. 3. For each of L = 4 and L = 5, apart from the simple ones, there is one extra N-body eigenstate: for L = 4, it is the one found in Ref. [14] ; for L = 5, it is new. Starting with L = 6, most eigenvalues are irrational, but all of them are roots of algebraic equations. An algorithm is built that lets one find them all. Finally, in Sec. 6, a fermionic model introduced so that the Laughlin FQHE wavefunctions are its ground states is considered, again in the LLL. Via a mapping onto an equivalent bosonic model, it can be analyzed following the same approach as in the bosonic case. A few eigenstates are given as illustrations of the procedure. The N-body Slater determinants, with any N, have eigenvalues which are directly related to Catalan numbers.
Formulation and method of solution
Consider N bosons in two dimensions in a harmonic well with pairwise contact interaction: V = V i<j δ(r i − r j ). In complex coordinates (z = x + iy), the Hamiltonian is
Projection on the lowest Landau level. As said above, the delta interaction is too singular in two dimensions and as such (1) is not properly defined. One way to regularize the Hamiltonian is by projecting it on the "lowest Landau level" (LLL) subspace. This means that upon extracting the long-distance harmonic damping exponential factor one restricts to the set of N-body wave functions
where f (z 1 , z 2 , ..., z N ) is analytic. Indeed, if a magnetic field were added, the single-particle eigenstates corresponding to the LLL (Landau level number n = 0, angular momentum l ≥ 0) would be in the LLL-harmonic eigenstates basis
where ω t = ω 2 c + ω 2 , ω c being half the cyclotron frequency. Coming back to the purely harmonic problem, consider now the projector on the "LLL" Hilbert space
A generic state belonging to the LLL, |ψ = ∞ l=0 a l |0, l , is analytic up to the Gaussian factor,
with
Projecting a one-body Hamiltonian on the LLL amounts to
that is to say, for a one-body potential V (z,z), to the eigenvalue equation
In the N-body case withV = V i<j δ 2 (z i − z j ) one obtains a product of N integrals of f (z 1 , ..., z N ). Using the Bargmann identity
after integrations, the projected Hamiltonian reads (for simplicity, ω = 1 and V /(2π) = 1)
where the angular momentum operator iŝ
and the LLL-projected contact interaction
P ij being the operator 5 that replaces both z i and z j in the wave function with the coordinate of the center of mass of the pair (ij), keeping all the other coordinates intact:
A generic bosonic eigenstate ofL is a symmetrized monomial in the z i 's:
Here the symmetrization operator acts as
the sum being over all N! permutations P of (1, . . . , N). where P ijk is the operator that replaces z i , z j and z k in the wave function f (. . . , z i , . . . , z j , . . . , z k , . . .)
with the coordinate of the center of mass of the triplet (ijk), keeping all the other coordinates intact:
The problem reduces to the diagonalization ofV in the G(N, L)-dimensional subspace spanned by {f l 1 ...l N }, for any given N and L. A generic state belonging to that subspace is
with f l 1 ...l N defined by Eq. (14), a l 1 ...l N arbitrary coefficients, and the sum being over all G(N, L) possible sets {l k } defined by Eq. (15) . The eigenvalue equation iŝ
[the total energy, according to (10) , is L + E]. One haŝ
and upon expanding all the powers of 
General properties
Center of mass. Introduce the center-of-mass coordinate
and the relative coordinatesz
obviously,
For any function of the center-of-mass coordinate,
Moreover, for any eigenfunction f (z 1 , z 2 , ..., z N ) of the interaction Hamiltonian,
-a center-of-mass excitation does not change the interaction energy (although it does affect the total energy because the angular momentum changes). Thus, for each (N, L) state, there is a "tower" of CM excitations above it: (N, L + 1), (N, L + 2), etc. It is enough to find the "pure relative" states, whose number is
Known exact eigenstates. In the N-body case, denotẽ
One hasVf
[at the very last step, Eq. (23) was used]. More generally, for 1 < L ≤ N,
(see Refs. [13, 14] for two different proofs). It has been conjectured numerically that this is the ground state for any L ≤ N [12] . Obviously, for L = N it reduces to (29). Note also thatf 10...0 ≡ 0 because of Eq. (23).
Further, in the 3-body case, for any L > 1, one haŝ
In the 4-body case, for any odd L, 
Obviously, P ij S 2 N f = 0 for any f (z 1 , . . . , z N ). Hence, a "Slater excitation" of any function is an eigenfunction ofV with zero eigenvalue:
(The presence of a Slater determinant nullifies the probability for the positions of any two particles to coincide, hence the delta interaction has no effect.) An even power of the determinant is required in order to preserve the symmetry of the function. This is somewhat reminiscent of the idea of "composite fermions" [15] .
Three-body problem
For N = 3, it turns out that the simple eigenstates described in the previous section exhaust the whole spectrum. The number of pure relative eigenstates for any L ≥ 0 is
i. , 0, 0
Adding a tower of center-of-mass excitations to each of these, one gets the complete 3-body (LLL) spectrum.
In the spirit of Eq. (34), one could also consider "generalized Slater determinants", of the form
obviously, T 2n 1 ,2n 2 ,2n 3 times any symmetric function is a bosonic state annihilated byV . However, this does not yield new states. E.g., 
N -body problem
As already stated, the diagonalization of the interaction Hamiltonian can be performed separately in each (N, L) sector. An improvement can be made by excluding the center-ofmass excitations a priori, i.e., diagonalizing in the pure relative basis -thereby reducing the dimension of the subspace involved from G(N, L) toG(N, L). Since the maximum possible number of nonzero addends in a partition of
into L nonnegative addends, at least one addend is equal to zero. Replacing that zero with one, we see that G(L, L − 1) is also the number of unordered partitions of L into L nonnegative addends of which at least one is equal to one. Hence, G(L) is the number of unordered partitions of L into L nonnegative addends of which none is equal to one. E.g., G(6) = 4, which corresponds to the four partitions (zeroes dropped for brevity): (6), (4, 2) , (3, 3) , (2, 2, 2) . The generating function is Thus, all the pure relative eigenstates for any N at a given L can be found by diagonalizing no more than a G(L) × G(L) matrix. The basis is formed by the set of states
. Indeed, any state with any number of l i 's equal to 1 is a linear combination of the basis states:
and if some l k = 0, then the addend involving l k + 1 is equal to the LHS, due to symmetry.
A single l i = 1 is thus eliminated, and by repeating, one eliminates them all. One pure relative eigenstate for any L and N ≥ L is already known, Eq. (30). For L = 2 and L = 3, as evidenced by the table above, there are no more. For L = 4, apart from the state (30), which in this case is
with the eigenvalue
there is the statef
whose eigenvalue is
as found in Ref. [14] . For L = 5, the eigenstatef
is complemented by a new eigenstatẽ
All the N-body eigenstates with L ≤ 5 have thus been found exactly. Equations (43) and (47) seem to suggest a systematic pattern -which, however, does not exist.
For L = 6, the basis states are
defining a matrix V ij such thatV
one obtains 
One eigenvalue is
which is nothing but Eq. (30) with L = 6; the other three eigenvalues are the roots of the equation
For N < L, there are fewer than G(L) states, but the general scheme of calculation remains the same. At L = 6, the rational eigenvalue (54) does not exist for N < 6, but the irrational ones do for all N ≥ 4. The table below lists all the pure relative eigenvalues for 4 ≤ N ≤ 6 and L ≤ 6. There appear a few more rational eigenvalues beyond L = 6. In the 4-body problem, we already know about the eigenvalue 3 for any odd L, Eq. (32); besides, one of the (4,7) eigenvalues is 11 8 , while at (4, 12) , there duly appears the Slater determinant squared,
with eigenvalue 0, Eq. (34). Most of the values, however, appear to be irrational.
A model of interacting fermions
Consider now a Fermi gas with the interaction
which is well-known to have a trivial ground state -the Laughlin FQHE wave functions (with the vanishing eigenvalue) [16] . Let us again consider the model projected on the "LLL": it transforms into (again, ω = 1 and V /(2π) = 1)
Necessarily, one has f (z 1 , . . . , z N ) = S N h(z 1 , . . . , z N ), where h(z 1 , . . . , z N ) is a regular N-body bosonic wave function. In turn, (57) acting on h(z 1 , . . . , z N ) takes the form
Therefore, one is back to a situation quite reminiscent of the bosonic problem addressed above, and the same machinery applies, but with the new Fermi LLL-interaction term given by Eq. (58).
One almost obvious N-body eigenstate is
e., h(z 1 , . . . , z N ) = 1]. Indeed, the interaction term (57) maps a fermionic state with a given angular momentum on a fermionic state with the same angular momentum without introducing any singularity. It follows that, in the lowest possible angular momentum sector L = N(N − 1)/2, the single state S N is necessarily mapped onto itself. This is expressed in the identity
where
and
is related to the Catalan integer sequence C j :
The identity can be shown to hold in general by relating D N −1 to the double contour integral in the complex plane
such that
and computing I N by expanding the contours of integration to infinity [17] . The eigenvalue grows slightly slower than linearly with N: 
with eigenvalue
Both (67) and (69) have been obtained by integration in the complex plane, following the procedure used in [17] . For N = 4, L = 10, one eigenstate is found to be a linear combination of h 1 = i<j (z i − z j ) 4 and of the Pfaffian state
z 2 )(z 1 − z 4 )(z 2 − z 3 )(z 3 − z 4 ) + (z 1 − z 2 )(z 1 − z 3 )(z 2 − z 4 )(z 3 − z 4 ). Both h 1 and h 2 can be expanded in monomials ofz i as explained in the bosonic case. Denoting f 1 = S 4 h 1 and f 2 = S 4 h 2 and introducing a matrix V ij such that 
The eigenvalues are
4,10 = 571 ± 9 √ 393 256 .
Clearly, the machinery developed above in the bosonic case can be thoroughly used for the fermionic model considered here. It follows that the N-body problem is solvable in any given angular momentum sector. However, as in the bosonic case, complicated irrational coefficients and eigenvalues are expected, as illustrated in a particular case (72).
Conclusion
Considering the quantum-mechanical model of bosons with a delta-function coupling projected on the lowest Landau level, we have completely solved the three-body problem, identified some analytic eigenstates for N ≥ 4 which belong to two hierarchies (the L = 5 one is new), and worked out an algorithm through which all other eigenstates can be obtained by means of diagonalizing finite matrices (i.e., they are solutions of algebraic equations of finite power). An exact analytic solution of the N-body problem is evidently out of reach, but a numerical solution to any precision is quite straightforward. A model of fermions whose ground state is known to be the Laughlin FQHE wave function, has been analyzed along the same lines. We have shown that the Slater determinants, for any number of particles, are eigenstates with rational eigenvalues related to Catalan numbers, and identified a few excited states. Here too, all the levels are solutions of algebraic equations.
